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Abstract
An undirected routing problem is a pair (G; R) where G is an undirected graph and R is
an undirected multigraph such that V (G) = V (R). A solution to an undirected routing problem
(G; R) is a collection P of undirected paths of G (possibly containing multiple occurrences of
the same path) such that edges of R are in one-to-one correspondence with the paths of P, with
the path corresponding to edge fu; vg connecting u and v. We say that a collection of paths P is
k-colorable if each path of P can be colored by one of the k colors so that the paths of the same
color are edge-disjoint (each edge of G appears at most once in the paths of each single color).
In the circuit-switched routing context, and in optical network applications in particular, it is
desirable to nd a solution to a routing problem that is colorable with as few colors as possible.
Let Qn denote the n-dimensional hypercube, for arbitrary n> 1. We show that a routing problem
(Qn; R) always admits a 4d-colorable solution where d is the maximum vertex degree of R. This
improves over the 16dd=2e-color result which is implicit in the previous work of Aumann and
Rabani [SODA95, pp. 567{576]. Since, for any positive d, there is a multigraph R of degree
d such that any solution to (Qn; R) requires at least d colors, our result is tight up to a factor
of four. In fact, when d = 1, it is tight up to a factor of two, since there is a graph of degree
one (the antipodal matching) that requires two colors. ? 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
We study the following type of routing problems in this paper. Let an interconnection
network be modeled by an undirected graph G. We model the requirement of routing
on G as a multi-undirected graph R on the same vertex set V (G). An edge fu; vg of
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R asks for an undirected path of G between u and v. Thus, a solution to the routing
problem (G; R) is a collection P of undirected paths of G such that edges of R are in
one-to-one correspondence with the paths of P, with the path corresponding to edge
fu; vg connecting u and v. We also say that P realizes R in G. We call G the host
graph and R the routing graph. Since the vertex set of a routing graph R is usually
clear from the context, we often identify R with its edge multiset.
A routing graph of particular interest is a matching, i.e., a graph with maximum
degree one, since, if we neglect the self-loops, a routing graph with maximum degree
d and maximum edge multiplicity r can be decomposed into at most d+ r matchings,
by Vizing’s edge coloring theorem (see [4], p. 258, for example).
A desirable property of a solution to the above type of routing problems is that the
paths in the solution are mutually edge-disjoint, i.e., each edge appears in at most one
path of the collection. Unfortunately, most routing problems of interest do not admit
edge-disjoint solutions. Thus, we relax the requirement of edge-disjointness and ask
how many sets of edge-disjoint paths are necessary to realize the given routing graph.
For concise terminology, we formulate this question as that of multicolor routing. We
say that a collection of paths of G is k-colorable if each path in the collection can be
colored by one of the k colors so that the paths of the same color are edge-disjoint.
We say that a routing graph is realized by k colors if it is realized by a k-colorable
collection of paths. Then, our goal is to minimize the number of colors required for
solving the given routing problem.
The multicolor routing considered in this paper is also called the minimum path
coloring problem in [1,11,12].
We study the above question for the hypercube, which is one of the most studied
topologies of interconnection networks and has also been adopted for a number of times
in practice. An n-dimensional hypercube Qn is an undirected graph with 2n vertices,
each being a bit string of length n, such that there is an edge between u and v if u
and v dier at exactly one bit position. It would appear that a hypercube provides a
sucient number of edges to support edge-disjoint routing of an arbitrary matching:
we need 2n−1 paths with length at most n each and hence at most n2n−1 edges in total,
which is exactly the number of edges in the n-dimensional hypercube. However, it is
known that not every matching can be realized by one color on Qn, if n is even. Indeed,
let An= ffv; vg j v2V (Qn)g be the antipodal matching on V (Qn), where v denotes the
vertex obtained from v by complementing every bit of v (and thus at distance n from
v). It is easy to verify that A2 cannot be realized by one color on Q2; it is shown in
[13] that An cannot be realized by one color for any n> 2 that is even. Thus, for even
n, at least two colors are required to realize a matching in the n-dimensional hypercube
in the worst case. We show in this paper that every matching on V (Qn) can be realized
with at most four colors on Qn for every n> 1. Indeed, our result is more general:
any routing graph on V (Qn) with maximum degree d can be realized on Qn with 4d
colors. Note that the application of Vizing’s edge coloring theorem mentioned earlier,
combined with the four color result for matching, implies a weaker result: any routing
graph with maximum degree d and maximum edge multiplicity r can be realized by
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at most 4(d+ r) colors, by rst decomposing the graph into at most (d+ r) matchings
and then realizing each matching with four colors. The early report on this work [8]
includes only the result on matching and not the general 4d-color result.
The above formulation of routing problems is motivated by the circuit-switched rout-
ing model rather than conventional packet-switched routing model. In circuit-switched
routing, a path is dedicated to a pair of nodes that wish to communicate with each
other, while in packet-switched routing, communication is done by sending a packet,
which releases each edge of the path it traverses as soon as it is through that edge. In
circuit-switched routing, edge-disjointness of the routing paths is required if each edge
supports a single communication channel at a time. However, the network may be mul-
tiplexed so that each edge supports multiple channels simultaneously. For example, in
all-optical networks (see [1], for example), k wavelengths may be used to implement k
channels, each wavelength carrying a message in the corresponding channel. We may
also conceive of a time-multiplexed network, in which a unit time is divided into k
xed intervals, each dedicated to one of the k channels. In such cases where k channels
are provided simultaneously, we may replace the requirement of edge-disjointness by
that of k-colorability.
The problem of edge-disjoint routing or multicolor routing has been studied under
the directed routing model as well. A directed routing problem is a pair (G; R) where
both the host graph G and the routing graph R are directed. A solution to a directed
routing problem (G; R) is a collection P of directed paths of G such that, for each
edge (u; v) of R, P contains a directed path from u to v. The multicolor routing in the
directed model is dened analogously to the undirected model. We say that a directed
routing graph R is a permutation (partial permutation, resp.) if the out-degree and the
in-degree of each vertex in R are exactly one (at most one, resp.). This is an important
special case of directed routing problems in the same sense as matchings are important
in the undirected case.
Let Hn denote the directed hypercube, where V (Hn) = V (Qn) and each undirected
edge of Qn is replaced by a pair of directed edges in both directions. Szymanski [14]
conjectured that every permutation on Hn can be realized by a set of edge-disjoint
directed paths. This conjecture is still open to date. Recently, the present authors have
shown that every permutation can be realized on Hn by two colors [7]. Although
the routing problems on the directed and undirected hypercubes are related, a result in
one problem does not automatically imply a non-trivial result in the other. For example,
this two color result for the permutation on the directed hypercube itself only implies
a trivial bound of O(n) for the undirected hypercube Qn. On the other hand, the result
in the present paper on the undirected hypercube only implies a weak bound of eight
colors for the permutation in the directed hypercube.
Aumann and Rabani [2] studied routing problems in which the host graph is the
undirected hypercube Qn and the routing graph is a directed graph, more specically
a permutation. They showed that any permutation can be realized with 16 colors on
the undirected hypercube. Since the host graph is undirected, the directionality of the
permutation is technically irrelevant. Therefore, their result can be restated that any
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undirected routing graph of maximum degree two can be realized by 16 colors on the
undirected hypercube. With some more work, their result can be generalized to give a
routing with 16dd=2e colors for an arbitrary routing graph of maximum degree d. Our
result, with d = 2, is an improvement by a factor of two over their result. We note
that even if we restrict the routing graph to be a matching (reducing the maximum
degree to one) the result of Aumann and Rabani does not give a bound better than 16
colors. Thus, our result for the matching is an improvement by a factor of four over
the previously best known result.
Our result builds on the work of previous authors on edge-disjoint and multicolor
routings in the hypercube [5,2,7]. In particular, we continue to work within the frame-
work of \Benes routing" [3] (see also [10] and [9]). In the next section, we review
this framework and several ideas introduced in the above cited work. In Section 3,
we further extend the approach and provide a sucient condition for a routing graph
on V (Qn) to be routable with one color, which we call admissibility. In Section 4,
we show that every routing graph on V (Qn) can be decomposed into 4d admissible
routing graphs, establishing our result. We discuss in Section 5 some future research
directions.
2. Benes routing on the hypercube and its extensions
We rst introduce some notation. For v = anan−1    a1 2f0; 1gn = V (Qn), we call
ai, 16i6n, the ith bit of v. If u and v dier only in the ith bit position, 16i6n,
then we say the edge of Qn between u and v is in dimension i. For node u, we de-
note by u(i) the node which is adjacent to u by the edge in dimension i. For node u
and indices i; j; u(i; j) denotes the node which is adjacent to u(i) by the edge in
dimension j.
The subgraph of Qn induced by the vertex set f0v j v2V (Qn−1)g (f1v j v2V (Qn−1)g,
resp.) is called the 0-subcube (1-subcube, resp.) of Qn and is denoted by Q0n−1 (Q
1
n−1,
resp.). Clearly, Q0n−1 and Q
1
n−1 are both isomorphic to Qn−1 and are connected to each
other by edges of Qn in dimension n.
The following projection mappings will be used frequently. Mapping n :V (Qn)!
V (Qn−1) is dened by n(anan−1 : : : a1) = an−1 : : : a1, i.e., it removes the nth bit of
the n-tuple identifying the vertex. We denote the composition n−1  n by n;n−1; it
removes the nth and (n−1)th bits. Mapping bn :V (Qn)! V (Qbn−1); b=0; 1, is dened
by bn(anan−1 : : : a1) = ban−1 : : : a1, i.e., it xes the nth bit of the n-tuple to b.
Although our subject is undirected routing problems, it is convenient to consider
directed routing graphs in constructing our solutions for undirected routing problems.
We will, however, keep treating the hypercube as the undirected graph Qn and consider
directed paths on Qn in order to realize directed routing graphs. Logically speaking,
the orientation of edges in a directed routing graph is inessential when we realize
it in an undirected graph, in the sense that if R and R0 are directed routing graphs
with the same underlying graph (i.e., they only dier in the orientation of the edges)
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then a solution to R is immediately a solution to R0 with the orientation of the paths
appropriately changed. The reason we nonetheless consider directed routing graphs is
to facilitate the description of our construction of paths.
In the following constructions, we will need to allow parallel edges and self-loops
in directed routing graphs; it will be understood that our directed routing graphs are
multigraphs. Let R be a directed routing graph. We call R an h-k routing graph if its
maximum out-degree is at most h and its maximum in-degree is at most k.
Let R be a directed routing graph on V (Qn). The projection n(R) of R onto
V (Qn−1) is dened to be the directed routing graph on V (Qn−1) whose edge mul-
tiset is f(n(u); n(v))j(u; v)2Rg. Here, the notation should be interpreted to mean
that, for each occurrence of an edge (u; v) in R, we include one occurrence of edge
(n(u); n(v)). Note that parallel edges and self loops may arise even if R is a simple
directed graph. Projection n;n−1(R) of R onto V (Qn−2) is dened similarly.
Lemma 1. Let R be a k-k routing graph on a vertex set V . Then; R can be partitioned
into k routing graphs on V each of which is 1-1.
Proof. Identify R with a bipartite multigraph R0 on V  f0; 1g, where R0 has an edge
between (u; 0) and (v; 1) for each edge (u; v) of R. The maximum degree of R0 is at
most k and, therefore, it can be decomposed into k matchings (see [4] p. 247, for
example). Each matching, when translated back into the directed graph representation,
corresponds to a 1-1 routing graph.
Benes designed a multistage network now called a Benes network ([3], see also
[9] p. 451) and devised a method of permutation routing on the network, which has
come to be known as Benes routing. The structure of the Benes network is closely
related to that of the hypercube, and it is well known that Benes routing can be
adapted to hypercubes (see [10], for example, but it should probably be considered
a folklore). Below, we directly describe Benes routing on the undirected hypercube
without explicitly referring to Benes networks.
Let P be a collection of paths on graph G. The congestion of P on an edge e of
G is the number of times e appears in the paths of P; the congestion of P is the
maximum of the congestion of P on e when e ranges over all edges of G. If P is
k-colorable then the congestion of P is obviously at most k. The converse, however,
does not hold in general. The following theorem is an adaptation of the result of Benes
[3] to the undirected hypercube.
Theorem 2. For any 1-1 routing graph R on V (Qn); there is a collection P of directed
paths of Qn with congestion at most four that realizes R.
Proof. The proof is by induction on n. The base case n=0 is trivial. For the induction
step, suppose n> 1 and let R be a 1-1 routing graph on V (Qn). We construct a
collection P of directed paths of Qn that realizes R. By Lemma 1, the projection n(R)
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of R onto V (Qn−1) can be partitioned into two 1-1 routing graphs on V (Qn−1). In
other words, R can be partitioned into R0 and R1 so that n(R0) and n(R1) are both
1-1 routing graphs on V (Qn−1). By the induction hypothesis, n(R0) can be realized by
a collection P0 of directed paths of Qn−1 with congestion at most four. Let 0P0 denote
the isomorphic image of P0 under the natural isomorphism from Qn−1 to Q0n−1 that
maps each vertex an−1 : : : a1 to 0an−1 : : : a1. Then, the path in P for an edge (u; v)2R0
consists of the path in 0P0 from 0n(u) to 
0
n(v) prexed with the edge fu; 0n(u)g if
u2V (Q1n−1) (we call this edge a forward edge of this path) and suxed with the
edge fv; 0n(v)g if v2V (Q1n−1) (backward edge). The path for a pair in R1 is similar,
using a similarly dened collection 1P1 of paths in Q1n−1. The congestion of each edge
belonging to Q0n−1 or Q
1
n−1 is at most four by the assumption. Let e= f0w; 1wg be an
arbitrary edge of Qn between Q0n−1 and Q
1
n−1. Then, e appears at most twice in P as a
forward edge: at most once in the direction (0w; 1w) and at most once in the direction
(1w; 0w). Similarly, it appears at most twice in P as a backward edge.
Let p be a directed path from u to v in Qn. We call p a Benes-type path if it is a
concatenation of two paths p1 followed by p2 such that the dimensions of the edges
of p1 are in the decreasing order and the dimensions of the edges of p2 are in the in-
creasing order. We call p1 the forward part of p, p2 the backward part of p, and the
vertex at which p1 and p2 connect the mid-vertex of p. Given a Benes-type path, the
way to partition it into the forward and backward parts may not be unique. (When the
edge of p with the lowest dimension is unique, we may let this edge belong to either
the forward or the backward part.) We assume that, when we speak of a Benes-type
path, its mid-vertex is specied as part of the denition of the path. Clearly, each path
constructed in the above induction proof of Theorem 2 is a Benes-type path; its forward
part consists of forward edges and its backward part of backward edges, as introduced
in the inductive construction. Fig. 1 gives examples of Benes-type paths constructed in
Theorem 2. In the gure, each vertex of V (Q3) is represented by a row of vertices. A
horizontal edge of a path means it stays on the vertex in the corresponding induction
step.
To color a collection of paths of congestion four, at least four colors are necessary.
Unfortunately, four colors may not suce in general. Thus, the above theorem alone
only implies that any 1-1 routing graph on V (Qn) can be realized by O(n) colors in
Qn. To achieve a routing with fewer colors we seek special cases of 1-1 routings that
can be realized by one color.
Choi and Somani [5] observed that the conict between the forward parts and the
backward parts of the Benes routing paths can be resolved if one subcube is dedicated
to the forward parts and the other to the backward parts. The most straightforward case
to which this idea applies is the following. Suppose R is a 1-1 routing graph such that
each edge of R is from V (Q0n−1) to V (Q
1
n−1). Since n(R) is a 1-1 routing graph on
V (Qn−1), we obtain from the proof of the above theorem a collection of directed paths
of Qn−1 realizing n(R). For each directed path p in this collection, map its forward
part to Q0n−1 and its backward part to Q
1
n−1 and connect those two paths by the edge
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Fig. 1. Examples of Benes-type paths for f0 0 0; 1 1 1g and f1 1 0; 1 0 0g.
f0w; 1wg of Qn in dimension n, where w is the mid-vertex of p. We call this edge
f0w; 1wg the bridge for p in this embedding. The resulting collection of directed paths
clearly realizes R and has congestion at most two.
To cut down the congestion to 1, Aumann and Rabani [2] introduced the following
idea of sparseness. A directed routing graph R on V (Qn) is called sparse if its projection
n(R) is a 1-1 routing graph on V (Qn−1). In other words, for sparse directed routing
graph R, if an edge is going out of (coming into, resp.) v then no other is out of (into,
resp.) v or v(n).
Lemma 3 (Aumann and Rabani [2]). Suppose n> 1 and let R be a sparse directed
routing graph on V (Qn). Then; R can be realized by a set P of Benes-type paths of
Qn so that each edge of Qn appears at most once in the forward parts of P and at
most once in the backward parts of P.
The proof is by an induction similar to the proof of Theorem 2. We omit it since
we will prove a renement to this lemma (Lemma 5) in the following section.
Corollary 4. Suppose n> 2 and let R be a directed routing graph on V (Qn) such
that each edge of R is from V (Q0n−1) to V (Q
1
n−1) and; moreover; n(R) is a sparse
directed routing graph on V (Qn−1). Then; R can be realized by a set of edge-disjoint
directed paths of Qn.
Proof. Apply Lemma 3 to n(R) and map the forward parts of the resulting paths to
Q0n−1 and the backward parts to Q
1
n−1.
Using the above techniques, Aumann and Rabani [2] showed that any 1-1 routing
graph R on V (Qn) can be realized by 16 colors in Qn. First R is partitioned into four
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subgraph R00, R01, R10, and R11 so that every edge in Rab is from V (Qan−1) to V (Q
b
n−1),
a = 0; 1, b = 0; 1. Since n(R01) can be partitioned into two sparse routing graphs on
V (Qn−1), the above corollary implies that R01 can be realized by two colors. To deal
with R00, let R000 = f(u; 1v) j (u; 0v)2R00g. R000 is dealt with similarly to R01 and then
each directed path in the resulting collection is suxed with an edge in dimension n.
These sux edges may cause conicts with the bridges of the paths for R000. A coloring
argument is used to show that R00 can be partitioned into 6 subgraphs so that no such
conict arises when we work on each subgraph. Thus, R00 and R01 can be realized by
8 colors in total and, by symmetry, R10 and R11 by 8 colors.
3. Admissible directed routing graphs
Corollary 4 gives a sucient condition for a directed routing graph on V (Qn) to
be routable with one color. A weakness of this sucient condition is that every edge
of the routing graph must be from the 0-subcube to the 1-subcube. In this section,
we extend the sucient condition by allowing a directed routing graph in which some
edges are from the 0-subcube to the 0-subcube.
Let R be a directed routing graph on V (Qn) such that every edge of R is from
V (Q0n−1). Assume furthermore that n(R) is sparse on V (Qn−1). Thus, if every edge of
R is into V (Q1n−1) then we can apply Corollary 4 to realize R by one color. In general,
some edges of R will be into V (Q0n−1). Partition R into R0 and R1 so that every edge
of Rb is into the V (Qbn−1), b = 0; 1. Let R
0
0 = f(u; 1v) j (u; 0v)2R0g, R0 = R00 [ R1.
Then, R0 satises the condition in Corollary 4: n(R0) = n(R) is sparse on V (Qn−1)
from the assumption and every edge of R0 is from V (Q0n−1) to V (Q
1
n−1) by the way
we constructed R0. Therefore, R0 can be realized by a set P0 of edge-disjoint paths.
If a path p of P0 realizes an edge (u; 1v) of R00, then we sux p with the edge
f0v; 1vg in dimension n to make it realize the corresponding edge (u; 0v) of R0. In
doing so, we want to make sure that adding the sux edges will not destroy the
edge-disjointness of the path set, i.e., that they will not conict with the bridges of the
paths in P0.
The key observation is that we have some freedom in choosing bridges when we
construct the set of paths P0 by the proof of Corollary 4 or, equivalently, some free-
dom in choosing mid-vertices of the paths constructed by Lemma 3 (see Fig. 2). The
following lemma, which is a renement to Lemma 3, embodies this observation. Call
a subset AV (Qn) 1-dim conict-free if, for each v2V (Qn), at most one of v and
v(1) is in A.
Lemma 5. Suppose n> 1; let R be a sparse directed routing graph on V (Qn); and
let AV (Qn) be a 1-dim conict-free set of vertices. Then; R can be realized by a
set P of Benes-type paths of Qn so that each edge of Qn appears at most once in
the forward parts of P; at most once in the backward parts of P and moreover; the
mid-vertex of each path of P is not in A.
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Fig. 2. When the routing graph is sparse, we may choose the mid-vertex of each path arbitrarily from a pair
of vertices adjacent in dimension 1.
Proof. The proof is by induction on n. For the base case n=1, let R be a sparse directed
routing graph on V (Q1) and A be a 1-dim conict-free subset of V (Q1). Then, from
the denitions, R contains at most one edge and A contains at most one vertex. If R
is empty then the claim trivially holds, so assume R = f(u; v)g and, without loss of
generality, assume A = f0g. Then the forward part of our path is the path from u to
1 (which is either an empty path, when u= 1, or a path consisting of the single edge
f1; 0g, when u= 0) and the backward part is the path from 1 to v. For the induction
step, suppose n> 2. Since R is sparse, n;n−1(R) is a 2-2 routing graph on V (Qn−2).
Therefore by Lemma 1, we can partition n;n−1(R) into two 1-1 routing graphs on
V (Qn−2). In other words, we can partition R into R0 and R1 so that each n(Rb),
b=0; 1, is a sparse directed routing graph on V (Qn−1). Let A0 =n(A\V (Q0n−1)) and
A1 = n(A \ V (Q1n−1)). Then, Ab is a 1-dim conict-free subset of V (Qn−1), b= 0; 1.
Therefore, by the induction hypothesis, for each b = 0; 1, we have a set of directed
paths Pb in V (Qn−1) that realizes n(Rb) such that each edge of V (Qn−1) appears at
most once in the forward parts of Pb, at most once in the backward parts of Pb and,
moreover, any mid-vertex of Pb does not belong to Ab. Mapping Pb into Qbn−1, b=0; 1,
and adding a forward and backward edges if necessary for each edge of R, as we did
in the proof of Theorem 2, we obtain a set of paths that satises the condition of the
lemma.
This renement to Lemma 3 immediately leads to a renement to its corollary. Call
a set E of dimension n edges of Qn 1-dim conict-free if, for every pair of dimension
n edges e= fu; vg and e(1) = fu(1); v(1)g that are adjacent through dimension 1, at most
one of e and e(1) is in E.
Corollary 6. Suppose n> 2 and let R be a directed routing graph on V (Qn) such
that each edge of R is from V (Q0n−1) to V (Q
1
n−1) and; moreover; n(R) is a sparse
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directed routing graph on V (Qn−1). Let E be an arbitrary set of dimension n edges
of Qn that is 1-dim conict-free. Then; R can be realized by a set of edge-disjoint
paths of Qn that do not contain any edge of E.
We are ready to give our sucient condition for a directed routing graph to be real-
izable by one color. We say that a directed routing graph R on V (Qn) is 0-admissible
if it satises the following three conditions.
1. Every edge of R is from V (Q0n−1).
2. The projection n(R) is a sparse directed routing graph on V (Qn−1).
3. Let A denote the set of vertices of V (Q0n−1) with non-zero in-degree in R. Then, A
is 1-dim conict free.
We say that a directed routing graph R is 1-admissible if it satises the above three
conditions, with Q0n−1 replaced by Q
1
n−1. We say R is admissible if it is either 0- or
1-admissible.
Lemma 7. Any admissible directed routing graph on V (Qn) can be realized with one
color in Qn.
Proof. Let R be an arbitrary 0-admissible directed routing graph on Qn. Let R0 =
f(u; 1w) j either (u; 0w) or (u; 1w) is in Rg. Let A be the set of vertices of V (Q0n−1)
that have non-zero in-degree in R and let E = ffv; v(n)g j v2Ag be the set of dimen-
sion n edges incident with the vertices of A. Then, A is 1-dim conict-free from
the 0-admissibility of R and hence E is 1-dim conict-free. Therefore, we may ap-
ply Corollary 6 and construct a set of edge-disjoint paths of Qn that realizes R0
and does not contain any edge of E. We extend this set of paths by the edges
of E so that it realizes R. The proof for 1-admissible directed routing graphs is
similar.
4. Decomposing an arbitrary routing graph into admissible routing graphs
To establish our main theorem, we apply the directed routing method in the previous
section to our undirected routing problem. To do so, it only remains to show that
an arbitrary undirected routing graph of maximum degree d can be decomposed and
oriented into at most 4d admissible directed routing graphs.
Lemma 8. Let R be an arbitrary routing graph on V (Qn) with maximum degree d.
Then; R can be partitioned and oriented into 4d directed routing graphs on V (Qn)
so that each of them is admissible.
Proof. We may assume without loss of generality that R is regular, i.e., has degree
d at every vertex. (Recall that, by our denition, a routing graph is a multigraph,
i.e., self-loops and parallel edges are allowed, and hence that every routing graph
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Fig. 3. The graphs G and G^ for M = ff000; 111g; f010; 101g; f100; 001g; f110; 011gg on V (Q3).
of maximum degree d can be augmented into a regular routing graph of degree d.)
Consider the multigraph G on V (Qn) consisting of the edges of R, which we call
red edges, and d copies of each dimension n − 1 edge of Qn, which we call blue
edges. Since each vertex of this graph has red-degree d and blue-degree d, we can
decompose G into disjoint cycles each of which alternate between red and blue edges.
Orient G into a directed graph G^ so that each of these cycles is consistently oriented
into a directed cycle, arbitrarily choosing one of the two possible orientations for each
cycle. Fig. 3 shows the graphs G and G^ for a matching M on V (Q3). Let R^ denote
the directed graph obtained from R by orienting its edges as they are oriented in G^.
Then, for each dimension n − 1 pair (v; v(n−1)) of V (Qn), exactly d outgoing and d
incoming edges of R^ are incident. Therefore, by Lemma 1 we can decompose R^ into
d disjoint subgraphs R^1; R^2; : : : ; R^d so that, for each dimension n− 1 pair (v; v(n−1)) of
V (Qn), exactly one outgoing and one incoming edges of R^i are incident for each i,
16i6d.
We show that each R^i, 16i6d, can be decomposed into four admissible directed
routing graphs. Let S denote any of R^i. We rst partition S into S0 and S1 so that
every edge of Sb is from V (Qbn−1), b= 0; 1. Then the next step is to partition S0 into
two subgraphs that are 0-admissible and S1 into two subgraphs that are 1-admissible.
Because of symmetry, we need only to consider S0.
S0 already satises, by denition, the rst condition of 0-admissibility. Furthermore,
from the property of each R^i established above, n;n−1(S0) has out-degree at most 1,
satisfying the rst half of the sparseness of n(S0). Thus, in partitioning S0 into S00 and
S10 , what we need is to ensure for b= 0; 1 that
(i) n;n−1(Sb0 ) has in-degree at most one and
(ii) the set of vertices of V (Q0n−1) with non-zero in-degree in S
b
0 is 1-dim conict-free.
Condition (i), together with the above observation on the out-degree of n;n−1(S0),
implies that n(Sb0 ) is a sparse directed routing graph on V (Qn−1), the second condition
of 0-admissibility. Condition (ii) is the third condition of 0-admissibility.
The above two conditions can be satised by the following rule of partitioning. For
each edge e = (u; v) of S0 such that v2V (Q0n−1), we put e in Sb0 if the rightmost
(dimension 1) bit of v is b. This establishes condition (ii) above. Now consider each
edge e = (u; v) of S0 such that v2V (Q1n−1). By the properties of R^i, e is the only
incoming edge to v and v(n−1) together and there is at most one edge, say e0, incoming
to v(n) and v(n;n−1) together. If there is no such e0, then we put e arbitrarily into S00 or
S10 . Suppose otherwise that there is an e
0 incoming to v(n) or v(n;n−1). Since e0 is into
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the 0-subcube, we have already decided which of S00 or S
1
0 e
0 belongs to; we put e to
the other subgraph to establish condition (i).
Our theorem is now a straightforward consequence of Lemmas 7 and 8.
Theorem 9. Any undirected routing graph on V (Qn) with maximum degree d can be
realized by 4d colors in Qn.
Remark. The proof of Lemma 8 (partitioning an arbitrary routing graph into admissible
routing graphs) and the proof of Lemma 5 (constructing Benes routing paths) can be
readily translated into ecient algorithms. Partitioning a routing graph into admissible
routing graphs can be done in O(dN logN ) time (the only non-trivial part is where we
decompose R^ into d permutations, which can be done in O(dN logN ) time using the
algorithm of [6] for bipartite edge coloring), the same total time complexity for the
Benes routing part, where N =2n is the number of nodes of Qn and d is the maximum
degree of the routing graph.
5. Concluding remarks
In this paper, we studied the undirected multicolor routing on the hypercube and
proved that any routing graph of maximum degree d can be routed with at most 4d
colors in the undirected hypercube. It is open if the upper bound on the number of
colors can be improved, although there is an example (the antipodal matching) with
d= 1 for which at least two colors are required in even-dimensional hypercubes. The
task of nding non-trivial lower bounds is also worth further investigation.
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